INTRINSIC  3d - ELpsTICITY

I Philippe (':':'. CI\ARLET |
1.Tue ™eTric, or CaucHy-GREEN, TENSOR

[Mg—_-{3x5 real matrices] Si:{ﬂe M>; A=A .pos-de@}
O’-{QeM*, QA -1} O;={ Qe detQ=1]

& GEOl‘lﬁTﬁY Q :open subset [R3

reference

(44 .
®: Q) —[R> [ smooth enough immersion:“deformation”

C=VOVEO-= (95) ﬂ—pSTI

ﬁ_ mektric tensor”

“Caucl\-d—Green tensor” gi= 3L®'3J®.

£-f0)cQ , IcR, Ft)=F(te,,tel
dE oy dFd

Length ® (¥) =‘[;:\/3LJ(F(E))E% () %ﬁt (t) dt




2.CLASSICAL AND “INTRINSICY APPROACHES (N

3D -NonLINEAR ELASTICITY | 2
C(x)

(?: l_ I(®)= f : W(m,rV@(meQCmS)_dx - ‘_[('2 ?(ac)-@(:x:)d:c

L (energy dependence on V® applied force
{ma C-VO®'VE® (FPrame- indifference)

® injective in {1 (mon-interpenetrability)
detV@>O in Q) (orientation-preserving)
@@=, on[}c90 (boundary condition)

inf I (@) on

Existence via “polyconvexity” J.Ball, ARMA (4‘]?7)
Question: Why not C.(1 »3°as the primary unknown
instead of @:Q—+R°? S.S.Antman,ARMA (1976)
But then: Quid &F(x)-@(x}dx? Quid @‘-’-@o'onl_;,?

Minimization problem with consgtraints on C (Qh-jk.—_O)

: Pbm#4 = Given C: Q) —pSi:recoverg of @ 0 <R

such that VO'V@=C in O ?

1 |Pbm#Z: Continuity of C —+® .. which topologies?
Minimiziﬂﬂ 33"&: ckC = 0" -0 ?

AppLns : Differential geometry, 3d-nonlinear elasticity

WZ=PRAZ -DFT>O-0NODP

N

Same questions for surfaces in R as Functions of their
ltwo Fundamental  Forms |

Appl'ns : Differential geometry, nonlinear shell theory
polar_factorization
Az

Note :Rotation Ffield R in V®=RC may be

also choten 25 a Primar_y unknown (see P-.'H bish
P.G.C.-L.Grabie- O.losifescu ~ C.Mardare - 2.Vallée | JMPA (‘-’LOOE—.T




3.Recovery oF ®:Q +R" from €C:Q S 3

symmetric .
Existence TneoReMS:let C=(g;) p%si.ti,ve—deFini!:e in ()

k k -4
ri.jd-if %ﬁke(aiﬁj! s a.j‘:'ie;." aEﬂij):l-:ja > (Qu)%‘gc(ﬂaj)

L hec.condn

[
Rpiék%‘f a.]rf.t _akf‘s + F.:k P;‘l 'F.:J' FEQ = O n QL |iF€=-VOVO

Thm ] Qc [Rn: Simplg —connected, open
Existence of @ . O_—n-[R'h st.VO'V®=C in Q.:

(1)FC € G’Q’(ﬂ) — @ee?’(ﬂ)l if Rijk: O in Q2
@[ce e'Q) > @< Q)] #[R"-0 w F(Q)
C.Mardare , Anal. Appl. (2003)
(3)|Cewt:’:&).) s @eW:oj(Q)l if Q'.’ijk=o in () &
f(gu)'1e L'(Q) S.Mardare, Anal. Appl. (ZIOOC:L)
@lcce’@ -0 @] R7y-0w 0 &
C posll:ive—d,e(—iini.l:e in 0 & 20 Lipschi\:&-conl:’s
P.G.Ciarlet - C.Mardare, J . Math.Pures Appl. (2004)
(9) l C ew[:'f(ﬂ) — @e\x/:;(_o_) for any p>n | (optim al) .
. 5.Mardare, Aduances i Differential Eqs. (R00%)

(c.lassfca L)

T"IM Qc [R‘h: s\'mpl.j-cpnnected) bounded, Smooth Bolrd
manifeld Ao(‘- clagg C»

Ce wm'P(Q_)}C(-x)e .‘5’; for all .
xe O 5 RPth =0 in 55’[_0_)

-

ce|

A .

} — =@ W™ A

is of claes C for any m\>.4,1a>4,s.‘c. ?(fm-a);s n.
C.Mardave , Anal. Appl. (R00¢6)




o "
k,Recovery of @:Q—+R rron C:Q 5 .Lt-
Uniqueness TueoreMms, ak.a.“RigipiTy Theorems™

() : connected open subseb of R" (1) © immersion
T @e@(Q) & Oe'(Q) st.IEVO=YO V@ in (L Then:

1B Q0 <t B(x)=¢+QOG), ze0 ] (classical)

(2) @cC()&det V@ 0in Q) |\ uaios UGG ae.in Q) Then:
@ cH'(Q)& detV®>0ae.infl

FC:GR%, 3Qe (D:: s.t. é('r.)_:c-i- Q®(x) for a.a. xe() |
P.G.Ciarlet ~CMardare, Math.Models Methods Appl. Sci. (2003)

_

Rk. Information on sign of del:Vé is essential in (@)!

Pbm:Given @eHd(ﬂ) st. det V@ > 0 ae.in .O__, Ldenti?a the set:
{@cH©Q); detV@ >0 ae in Q VEOVO-VO VO ac.in Q]
which is S'H‘id?l-g Lavger than the seb
(@cH();3ee R IQeO”,B)=c+QO&) for 23 % Q!



5.ConTinuiTy ofF C 0O E
bl =6 ,beR" |A\-_-|§[L_Lq AL, AeM"

B - equivalence class of @ mod R , where
O©,0)eR«IecR,IQcO st. O@)= e+QOR), xe L

(4)|C€@9’!.0.) —b-é € es(ﬂ)/é] Conbinu'\tﬂ wrb Frécheb

topologies™ of cHQ) : Let @kees(ﬂ),szl,and@éé’tﬂ)

be immersions s.b. (V@k)TV@k—-'- VO VO in @%(Q).Then
AGL QO e R Qe T, B0 in CYO).

* wk_—lp in @t(Q)@VK@Q, Sup Iadf\pk—’l_p)@:)"_,o_
PG Ciarlek-F, Laurent ARMA (2003) i<t

@[CeE%@) =B c E)/R | Lol Lipschitz-continity
wet Banach space norms  sup |IWG)| if Q) is bdd
& 2QL is l.‘tpsd-uil:i.—conl;'s \::ffé,

P.G.Ciarlet~ C.Mardare | J.Math. Pures Appl. (2004)
&) [C € tpz_cl) 0O EW?P(Q) JR| for P22

See next theorem

: % /2
Rk.coh':inu.itg @e\\lﬂga) ~C-VO' VOl (Q0) is clear
for 2ny p>2.




é e® < 3ec Rm)BQe ©11 . é(’:c)-_: c+Q® (), =0

4fp Rotational invariance:

2 v
(©lyy1, gy ={, (190G + IVOI*)d= |

PG, Ciarlet - C.Mardare, J.Nonlinear Science (2004)
QcR™ bounded , connected, open with 9£) Lipschitz- cont's
Let ®c@(Q;KR™) be s.t. detVO> 0 in Q) Then 3 constant (@) sk,

[ V¢ eH(Q;R)st. detV> 0 ae in 0,

= ¢€¢ such that

- <':'-)I|H.(n < <(©) IVd V- VGV@"I:(Q,R";

(k) is a [nonLinearR  KoRN'S inEQUALITY

| Cor Let @6 Gd(fi;,ﬂf) be st detV®>O0 in Q.
Let @% H‘(Q.}[Rm) be s.t. deEV@k>O ae. in Q k4. Then:

VeIve' - vove) (36 c @“
in U(Q,Sn) #{sb @ - in H(Q. IR )
—

Same result holds with' H'(;R™) replaced by w" (_(.'L R )
- V@R  -as- L, R")
For any F)Z’

S ]




Conments (1) Eaclier results of F. John (1964,1972)
and R.V.Kohn (19 82.) when ®=id & Cb is Bi-—LiPSCH\:i‘-.

(2) Yu. G.Reshebnyak , Siherian Math. J. (2003).
Let @ €W ““(Q:R"), k34, be such bhat:

{3 Lst. [ ltléW@k@d} Bl < L (& Forall ky4, §e R, asxeQ*
for almotk all xeC), C(_m)éépi.iq; (VO) VO (x) exists .

Then 3 @eW"EQ;Rm) 8 1 @% Qe ¢ IRTL, Qe O st.
V®TVQ= Caein Q) & ékm® in W‘IP(_.QJ Rh) for any p> 4.

(3) Some additional assumptcons required in all cases:

Bi-\-ipscl\ibt or xquasi—isometrie, mappings 3 smooth Limit



,__1_6.PR00F OF THE MONLINEAR KORN INEQUALITY (X)|§

Lemma4 s “Gradients  suffice” _Ass’ns on Q3@as in Thm
Ineq.  holds «= T constant C(@) s k.

Ve HER) st det V>0 ae.in 3 R_R@e)eco"‘st
(**) IV$-RVOl. . <C@IV§7H -vEOVOl,.

LM La,3)

PE, Generalized Poincaré tnequahtg'?: eonstant d s.t.:
VWeH R, Iwly,my<d (M gt | [e2])

Lk Lael‘-(‘fa )f(¢ RO®)dx = L(¢)e) so that
""’¢ (b+R®) satisfies f\pdx—o
Combine Poincaré inequality applied to 4p and (kx) O

Lemma Z : “Geometrie rigidiby s
G.Friesecke, R.D.James, S.Miiller, Comm. Pure Appl. Math. (2002)

QecR" bounded, connected, open with D Lipschitz- cont's
3 constant A(QY) s.t. Ve H'(a; [QM) dR=R($)e @1 sk

1V Rz gy < A | dist (Y, o) )UD@

‘l!m

] ¥46)-al N



Lemmad: “A matrix Lnequal.i}:ud” et Fe lemab. detF> 0 2

Then - dfs&(F_,_,@'I)d—:F chg,: \F_—Qlé FE-1|”

PE. Q. F(F'F) e O

=F rotational invariance

dist (F,0;)< [F-Q| =|bF(%TF)"£_ Q| Al

i a 2 . 12
= «naxi[@;—ﬂ,[vm-d\}sWnaxiltr}‘-”’)\vm-”‘f }.._. lF F -I\

04Uy & e &V 0 Sihgu\ar values of F D

Lemma 4:“Ineq. @mholds if@=id” .. V@=1 & V@TV®=1 1

QcR" bounded, connected,open with 9£L Lipschitz-cont's
3 constant A(QL) st. Y e H(;R™) st.det V>0 a.e.in (1,

IR=R@) e, sk V) -R| LS NV - 1“:_{:‘@5 Snd

PF L2 = Ve H'(Q;R),
IR=R($) D, st [V-Rl 2. gy < AQ)ldist (W, T
L3 = Ve H'(QR ) st.det Y > 0 ae. in £,

dist (Vb (), ) < |V oSV ()= | For alimost all xeQ)
".integrate over Q% : D

C@)



—_—

Lemma 5 \“3‘1 (*a&) holds i & is injeckive in 0 E
Lel:@eﬁ’(_o_ R)be st. det V®@>0 in O & |
© injective in Q. Then inequality (:K*) of L4 holds.

PE () Assumptions made on @ imply:
ﬁdg:@(ﬂ):bounded,connecteol,open with 28 Lipschitz- cont's
O¥B e @A({fl}"; fR“))- Ve cH'(;R") with detVy Oae.in Q,
S - OeH(@,R) 8 det V>0 ae.in &b
W= Te, @) A(Q) sk Ve eH' (;R) with detVd0aein X,
VeH(QsR") with detV> 0 aem @, 3R R($) R$.©) <O,
st 158-Rllpg oy <@ T8 ¥ -Tl5 o0

Gy 08 - R\ﬁ'_@ [M = f V®-R\%4% = f VYO — R|'det VO d=

> [ [V4-RVO" YOI det VO =
>c (®)> 0 on QL

o) 196798 - Lz o=/ 106798 -1 a2
_ j V6™ (V&Vd -VOVEOWVE' | det V&I

< f V&V VOVE| VO (VS| det V@ dx
Zc,(@) <t on (L

(iv) Hence
@) | (VO-RV®I 2 o) < CO) IV - VOPOIi 1, o
(‘:c (@) @) -2 ey )4!.1; : D

Rk.Asshs @Ee“(ﬁ;R“) & _deEV®>O mf). are essential!



Lemma ©:“Ineq. gea) holds for any @ e €15 R") st detVO >0 inc |11

PRG) VxeQ, Jdopen ball V) centered at = b ®l\7—@—r-3
B(x) Yxe2Q 3 open ball B(x) s.t.

"\ W) (Emtﬁne)l——- is (njective (detV@>0in Q)
Z %3 B@
£ 2

is injective

oQL Lipschitz-cont's = 3 W(x) open nbhd ofx defil
BH a local Frame sk, W(x)c%(x) and
V(m)déc'W(m)ﬂQ is connected and

oVEey s Lipschitz-cont's.

By compackness, ﬂ:Jl;J«VCmJ). By re-ordering \l:.lle(:xch)):

Q -_—.Jl;"\/'j , V; bounded , connected, open, 9V Lipschitz-cont’s

k
Uk"-i-‘}:.lvj connected 4<k<N, and @[VJ injective , 4 j <N.

(i) Induction: For some 14k<N,3 C,@),3 R.=R, $.0)c O, st.

| 19 -RIO I o)< O IVE74,-VOVOIT |, o
(Xk)k ey ¢4£g de.‘@l N ks
I =Py, OX0|g, (Nobe : U, =\4)

Ls = o 6k(@)) 3 §k+4=§k+4(¢;®)€ O‘: s.E.

~ ~ ~ ~ ~ o o &2 ['EY
) qv‘k«\_ Rkﬁw')ku“ﬁ-(vk“;m“) < Ck(e)“v¢:uv¢k4:vemve lm“c(vkﬂ,) S")

Bﬂmeahs of a technical trick, inequalities
ESOTE:S (ex)) yield @ Single inequality
(xx),,, Over the set U""‘"_ a




Abi
Another approa-ch o the Ffundamental Eheorem OCE:
Riemannian gemmetr:j n R R bs way of yotation felds :

P& Crarlet, L.Gratie,O. lesifescu, C.Mardare, C Vallée , IMPA
(200%]

THM! Qc [R3 :Simp\,ﬂ ~connected , Open

Cew;;:’(ﬂj Sai,) given that satisFies

@&)| curL /A + cor [\ =0 in B'(@Q;MY),

where

def 4 iucg T | 5}
= 2 (curLU)'U z(tr[U(CURLU)])U}

Uci__efclfﬁz

Then bhere exicts ® WS (LR) such that
VO V= C in Wi (2,3))

Necessity of *): C.Vallée (49492)
No Q\wis\:o?(‘e\. S_gmbaLSJ “i\ntrir\s'\tn makbrion operal:ors
Proof congists im:

(a) Determining an orthogonal matrix field R EWZ::(R; @3)
(an idea that goes back b RT.Rhield (4333));

(b) Determwiining an immersion ® EWE:(D.,"R&) Ehat
satisties VO =RC"™ in(L,

B}j successively solving two Pfaff Sysbems .

For (a): BJR-;RAJ ,where

Aj-.-_-ﬁi{z_{u-‘(ch -'(VCJ)T) ud"' U—‘adu - (a:su)u-l!s)
e:= J—t;l-. column of U2=c



7 INTRINSIC APPROACH  TO @
4 D-Linearizen ELAsTIANTY- Pure trackion pbm: {

Q Jw) = infF . J
i@y | “ VE“L‘?QJ'@) o 3%.(3.5‘&*3:‘3)

Le)=0 YweW(QR) sb. e;=0 & Vy=

Existence: Korns inequality; Uniqueness  up

Jt)= gz f(‘) Aukékc ("_J.mdm - jnF.vdac
e — (V)
a+bnid with a,beka

|.:;5 it Q COnnecl:ecl}

Q. bdd, simply-connected, conneckeds Lipschitz bdry

| THEOREM:
st. (weak St Venant condibions)

Given: € =(e;) € Ljyn(SD)

=
ke (@)= ‘aﬂjeik"'akiejﬂ - dgiejk— Ok;

Then Ethere exists ve H'@Q,R®) st ‘ee_]'-‘"‘g(ajvﬁai."j)

Uniqueness: up to a+bnid
Poincaré lemma’: See P.@Q bisl

Proot (s based on a ®weak 2
CoroLLARY : | here  exists 3N isomorphism

[ ey (e ey Bo@- 0} ~ QR {y=a+brid]
L

—

Rk: This corollary provides a hew pf- of Korn's inequal;il:g :

p.G. Ciarleh , P.Ciarlsk, Ir. , M3kS (2005 |

p.G.Ciarlet, P CiarLeb, Ir., G- Geymonat, krasueki, CRAS. (a00%)

A mrovcke , P.6. Cidvlel, .G Cigrler, I C.R.A.S (200%) |
Treorem: (L bdd, simplg-connect'a,connec\:e » Lipschitz. bdry

4 EcE(Q) such that

The miinimzation pbm: Fin
= .
j€)= inf 1@, jce)d-;‘% QA" e.keeud:r—(l_o?)(e)!

ec E(Q)
/

has one and only one solution &. Besides,

The stress tr-;@'m is Ehen given by \GL‘3= Ai']kLEkL\‘

E=-e(u)




Weak version - of a classical theorem of Poincaré

P.C.. Ciarlet, P. Biarlek, Ir. , M3AS (2005)

A classical theorem of Poincaré (see, e.g., page 235 in Schwartz!?) asserts that,
if functions hy € CY(Q) satisfy Ohx = Ochy in a simply-connected open subset )
of R® (or R™ for that matter), then there exists a function p € C2(Q) such that
hi = Okp in Q. This theorem was extended by[Girault & Raviar8!? (see Theorem
2.9 in Chapter 1), who showed that, if functions A, e L*(Q) satisfy O, = Oh; in
H=Y(Q)on a bounded, connected and simply-connected open subset Q of R3 with
a Lipschitz-continuous boundary, then there exists p € HY(Q) such that h; = Okp
in L*(Q2). We now carry out this extension one step further.

. Theorem . Let Q be q bounded, connected, and simply-connected open subset

of R® with a Lipschitz-continuous boundary. Let hy. € H=1(Q) be distributions that
satisfy

Othy = Oxhy in H3(Q).

Then there exists a function p € L2
that

(R2), unique up to an additive constant, such

_ hiy = Okp in H—l(Q).




13

| THEOREM: Q bdcl_, connected ; Lipsch'\tz bdrj
() Given €= (eij) S Lgm(ﬂ) 3 o (Donal:i conditions #1):

l_ﬁ)—egsﬂdaﬁ =0 for all $=(sy)€ H:ﬁﬂ"‘ (o) sb. div $=-0inQ

Then Chere exists v=(v)e H"(n_) sk. e;=3 @M+

(2) Given €=(e.)€ L%Hm(ﬂ) st. (Donati conditions #2):

‘{;1&'23 syde =0 forall s=(spely (Q)st.divs-0in Hk)

Then there exists v=(v)e H} () st e;=1(3vray)
T.W.Ting , Tensor, N.8. (4414)

G.Geymonab, F.Kragueki  Rend. Accad. Naz.Sei. (2005)
C.Amrouche , P.G .Ciarler, L Gratie, 8. Kesavan , JMPA (2006)

Both (1) and (2) again Llead te minimization problems
Ehat  direckly provide the strain E=(&)

W LUkl
s that directly provide the stressesl e Ek\.‘

FINITE ELEMENT  APPRORIMATION :
P.G. Ciarlet, P.Ciarlet, JIr., S.Sauter, Jun Zou (in progress)




