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Abtract

Abtract

Let E be a smooth Banach space, let E* be the dual space of E and let
C be a nonempty closed subset of E such that JC' is closed and convex

subset of E*, where J is the duality mapping on E. Let A be a monotone
operator of JC' into E. Then, the variational inequality problem is to find

u € C such that (AJu,Jv—Ju) >0, YveC.

In this talk, we first prove an existence theorem of the variational
inequality problem for monotone operators defined on the dual space of
E. Secondary, we prove a weak convergence theorem for finding a
solution of the variational inequality problem by using projection
algorithm method with a new projection which was introduce by Ibaraki
and Takahashi [T. Ibaraki, W. Takahashi, A new projection and convence
theorems for the projections in Banach spaces, Journal of Approximation
Theory 149 (2007), 1-14]. Further, we apply our convergence theorem to
the convex minimization problem and the problem of finding a zero point
of maximal monotone operator.
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Let E be a linear space over the field K (R or C). A function
|- ]| : E— R is said to be a norm on X if it satisfies the following
conditions:
(1) ||z|| = 0,Vz € E;
(2) flall =0 = =0,
(3) llz +yll <]l + [lyl, ve,y € E;
(4) |laz| = |af||x]|, Vz € E and Va € K.

Definition
Let (E, || - ||) be a normed space.

A sequence {x,} C E is said to be convergent in X if there exists
x € E such that lim |z, —z|| = 0. That is, if for any € > 0 there exists
n—oo

a positive integer N such that ||z, — z|| <€, Vn > N. We often write
lim x,, = z or x,, — x to mean that z is the limit of the sequence {z,}.

n—0o0
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Hilbert spaces and Banach spaces

Definition

Let (E, || - ||) be a normed space.

A sequence {z,,} C F is said to be a Cauchy sequence if for any € > 0
there exists a positive integer N such that ||z, — z,| < €,V m,n > N.

That is, {«,,} is a Cauchy sequence in B if and only if ||z, — 2,| — 0
as m,n — oo.

Definition
A normed space X is called complete if every Cauchy sequence in X
converges to an element in X.

Definition

A complete normed linear space over field K is called Banach space
over K
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Hilbert spaces and Banach spaces

Definition

The real-value function of two variables (-,-) : X x X — R is called
inner product on a real vector spaces X if and only if it satisfies the
following conditions

(1) (ax + By, 2) = oz, z) + By, z) for all z,y,z € X and all real
number o and S;

(2) (x,y) = (y,x) for all x,y € X; and

(3) (z,z) > 0 for each z € X and (x,x) = 0 if and only if z = 0. A real
inner product space is a real vector spaces equipped with an inner
product.

Definition

A Hilbert space is an inner product spaces which is complete under the
norm induced by its inner product.
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Uniformly convex and uniformly smooth Banach spaces

(1) A Banach space E is said to strictly convex if

ozl
Izl = llyll = 1,2 # y imply === <1.
(2) A Banach space E is said to be uniformly convex if for all

e € (0, 2] there exits d. > 0 such that

||| = [lyll = 1 with ||z — y|| > ¢ implies <1-0..

=+ yll
2

(3) The norm of E is also said to be Frechet differentiable if for each
x in unit sphere U = {z € E : ||z|| = 1} the limit

o N2+ tyll — ll]

li
t—0 t

is attained uniformly for y € U.
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nlformly convex and uniformly smooth Banach spaces

Definition

Let £ be a norm linear space with dimFE > 2.
The modulus of smoothness of E is the function pg : [0, 00) — [0, 00)
defined by

e+ 9]l + 1o — v
o) = sup{ _1: e =1, gl =~ L.

2

The space E is said to be smooth if pg(7) >0, V7 > 0. E is called
uniformly smooth if and only if lim,_,+ 2 E(T) =0. Let p > 1. E is said
to be p—uniformly smooth if there exists a constant ¢ > 0 such that
pe(t) <ct?, t>0.
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Uniformly convex and uniformly smooth Banach spaces

Definition
For each p > 1, the generalized duality mapping J, : £ — 2" is
defined by

Jp(z) = {z* € B* : (z,z”) = |||, =*|| = =P~'}  (1.1)

for all z € E.

In particular, J = Js is called the normalized duality mapping. If E is
a Hilbert space, then J = I, where I is the identity mapping.
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Uniformly convex and uniformly smooth Banach spaces

Example of p—uniformly smooth

2-uniforml| th if p>2
L, (L) or (W )" is un! ormly smoo | p >
p-uniformly smooth if 1 <p < 2.

We observe that every p-uniformly smooth Banach space is uniformly
smooth. Furthermore, from the proof of [16, Remark 5, p.208], we have
the following lemma

Lemma

Let E be a 2-uniformly smooth Banach space. Then, for all x,y € E,
there exists a constant ¢ > 0 such that

|7z = Jyl| < clle -yl (12)

where J is the normalized duality mapping of E.
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Metric projection

Metric Projection on Hilbert space

Definiti
H : Hilbert space

C C H: closed convex
For x € H, there exists a unique z € C such that

[l = 2| = min{flz — y|| : y € C}

Putting z = Pox, we call such Po the metric projection onto C'.
For x € H and z € C,

z2=Porx <= (x—z,z—y) > o0, Yy € C;
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Metric projection

Property of Metric Projection on Hilbert space

Note:
(1) Pc is a nonexpansive mapping of H onto C;
(2) Pc is a firmly nonexpansive mapping, i.e.,

(x —y, Pox — Pcoy) > ||Pox — Poyl|? for all z,y € H;
(3) (x — Pox,y — Pox) <0 for all z,y € H;
(4) ||z —yl|? > ||z — Pox||* + ||y — Pcx||? forall z € H,y € C.
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Metric projection

Metric projection on Banach space

Definition

E : a reflexive, strictly convex and smooth Banach space
C C E : closed and convex
For x € F, there exists a unique z € C such that

[l = 2| = min{[lz — y|| : y € C}

Putting z = Pox, we call such Po the metric projection onto C'.
For x € E and z¢ € C,

xo = Pox <= (xo — y, J(x — x0)) > 0,Vy € C}
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Metric projection

Generalized metric projection

Definition
FE : a smooth Banach space
Then, ¢ is the function of E into R define by

¢(z,y) = ll2ll* = 2(z, Jy) + lyll* for all 2,y € E,

where
J(x) ={z* € E*: (z,2*) = ||lz|* = ||l=*||*}

In the case when F is a Hilbert space,

o(z,y) = ||z —y||® forall z,y € E
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Metric projection

Generalized metric projection

Theorem (Alber, Theory and Applications of Nonlinear Operator of
Accretive and Monotone Type, 1996 and Kamimura, Takahashi, SIAM J.
Optim., 2002)

E : a reflexive, strictly convex and smooth Banach space
C C E : closed and convex
For each x € E, there exists unique xy € C' such that

¢($0, 1‘) = gélg ¢(ya 'T)

Definition

Putting 2o = Il (z), we call such Il (z) the generalized projection
onto C
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Metric projection

Generalized metric projection

Lemma (Alber, Theory and Applications of Nonlinear Operator of
Accretive and Monotone Type, 1996 and Kamimura, Takahashi, SIAM J.
Optim., 2002)

E : a reflexive, strictly convex and smooth Banach space

C C E : closed and convex

rE€FE, xgeC

Then, xo = Uex if and only if (xg —y, Jo — Jxg) > 0 for ally € C.
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Metric projection

Sunny nonexpansive retraction

Definition

FE : a Banach space
C' : nonempty closed subset of E.
Then a mapping Q : E — C' is said to be sunny if

Q(Qx +t(x — Qx)) = Qz, Vt>0.

A mapping @ : E — C'is said to be a retraction if Qx =z, Vx € C.

Definition

FE : a Banach space
C': nonempty subset of E.
Then a mapping T': C — E is said to be nonexpansive if

1Tz =Tyl < llz—yl, Vo, yeC
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Metric projection

Sunny nonexpansive retraction

Theorem (lbaraki and Takahas

E : a smooth Banach space

C' : a nonempty closed subset of E

Q¢ a retraction of E onto C

Then Q¢ is sunny and nonexpansive if and only if for any x € E,

(- Qex,J(Qecx —y)) 20, VyeC
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Metric projection

Sunny generalized nonexpansive retraction

Definition

FE : a smooth Banach space
D : a nonempty closed convex subset of E
A mapping R : D — D is called generalized nonexpansive if F'(R) # ()
and
¢(Rz,y) < ¢(z,y), Vx € D,Vy € F(R)

where F(R) is the set of fixed points of R.
R is called sunny generalized nonexpansive retraction if R is sunny,
generalized nonexpansive and retraction.
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Metric projection

Sunny generalized nonexpansive retraction

Lemma (Kohsaka and Takahashi, J. Nonlinear Convex Anal., 2007)

E : a smooth and strictly convex Banach space

C' : a nonempty closed subset of E

Then there exists a sunny generalized nonexpansive retraction R¢ of E
onto C' if and only if J(C') is closed and convex.

In this case R¢ is given by Ro = J71HJ(C)J
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Metric projection

Sunny generalized nonexpansive retraction

Theorem (lbaraki and Takahashi, J. App

E : a smooth Banach space

C' : a nonempty closed subset of E

R¢ a retraction of E onto C

Then R¢ is sunny and generalized nonexpansive if and only if

(x — Recx, J(Rox) — J(y)) >0, Vy e C

for eachx € E and y € C.
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Monotone operators

Monotone operators

Definition
H: Hilbert space

C C H: closed convex
A:C — H: an operator

A is said to be monotone < (Au — Av,u —v) > 0, Yu,v € C.

Definition
E: a Banach space with the dual space E*

C C E: closed convex
A:C — E*: an operator

A is said to be monotone < (u — v, Au — Av) > 0, Yu,v € C.
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Monotone operators

Monotone operators

Definition

E: a Banach space with the dual space E*

C* C E*: closed convex

A:C* — E: an operator

A is said to be monotone & (Au* — Av*, u* — v*) > 0, Yu*,v* € C*.
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Variational inequalities
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Variational inequalities for monotone operators on Hilbert spaces

Variational inequalities for monotone operators

on Hilbert spaces.

Definition

H : a Hilbert space

C : a nonempty closed convex subset of H

A : a monotone operator of C' into H.

The variational inequality problem is to find a point u € C such that

(Au,v —u) >0, forall veC. (2.1)

Such a point u € C'is called a solution of the problem and the set of
solutions of the variational inequality problem is denoted by VI(C, A).
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Variational inequalities for monotone operators on Banach spaces

Variational inequalities for monotone operators

on Banach spaces.

Definition

FE : a Banach space with the dual space E*

C : a nonempty closed convex subset of £

A : a monotone operator of C' into E*.

The variational inequality problem is to find a point u € C such that

(v—u,Au) >0, forall veC. (2.2)

Such a point u € C'is called a solution of the problem and the set of
solutions of the variational inequality problem is denoted by VI(C, A).
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Variational inequalities for monotone operators defined on the dual space of a Banach space

Variational inequalities for monotone operators defined

on the dual space of a Banach space.

Definition

FE : a smooth Banach space with the dual space E*

C : a nonempty closed subset of E such that JC is closed and convex
subset of E*, where J is the duality mapping on E.

A : a monotone operator of JC' into E.

The variational inequality problem is to find a point u € C' such that

(AJu, Jv — Ju,) >0, forall veC. (2.3)

Such a point u € C'is called a solution of the problem and we denoted
the set of solution of the variational inequality problem (2.3) by
VI(JC, A).
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An existence theorem and some properties
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An existence theorem
Monotone and Hemicontinuous operators

Definition

E: a Banach space with the dual space E*

C* C E*: closed convex

A : C* — E: an operator

A is said to be monotone < (Au* — Av*, u* — v*) > 0, Yu*,v* € C*.

Definition

FE: a Banach space with the dual space E*

C* C E*: closed convex

A : C* — E: an operator

A is said to be hemicontinuous if for all *, y* € C*, the mapping f of
[0,1] into E defined by f(t) = A(tz* + (1 — t)y*) is continuous.
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n existence theorem

Let E be a Banach space with the dual space E*. Let C* be a
nonempty, compact, convex subset of E* and A a monotone operator of
C* into E. Then there exists xf, € C* such that

(Az™,z* —xf) >0, VYa*eCr.

Lemma (3.2)

Let E be a Banach space with the dual space E*. Let C* be a
nonempty, convex subset of E* and A a monotone, hemicontinuous
operator of C* into E. Let xj € C*. Then

(Azg, ™ —x5) >0, Va* e C* (3.1)

if and only if

(Az*,z* —x5) >0, Va* e C". (3.2)
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An existence theorem

Using Lemma 3.1 and Lemma 3.2, we obtained the following Theorem

Let E be a Banach space with the dual space E*. Let C* be a nonempty,
compact, convex subset of E* and A a monotone, hemicontinuous
operator of C* into E. Then there exists x§; € C* such that

(Azf, z* —x5) >0, Va* e C™.

We note from Theorem 3.5 that if JC' is compact and convex and A is a
monotone, hemicontinuous operator of JC' into E, then VI(JC, A) is
nonempty.
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Some properties

Lemma (3.4)

Let C be a nonempty closed subset of a smooth, strictly convex and
reflexive Banach space E such that JC' is closed and convex. Let A be a
monotone operator of JC' in to E. Then

u€ VI(JC,A) ifandonly if uw= Rc(u— AAJu), Y A >0,

where R¢ is sunny generalized nonexpansive retraction of E onto C.
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Some properties

Definition

Let £ be a Banach space with the dual space E*. A monotone operator
T C E x E* is said to be maximal if its graph G(T') = {(z,y) : y € Tz}
is not properly contained in the graph of any other monotone operator.

We denote the set {x € £:0 € Tz} by T710. If T is maximal
monotone, then the solution set 7710 is closed and convex.

Definition

Let C be a nonempty closed convex subset of a Banach space E and
x € C. Then the normal cone for C at a point z € C is defined by

Neo(x)={z* € E* : (x —y,z") > 0 for all y € C},

and is denoted by N¢(z).
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Some properties

Theorem (R.T. Rockafellar, Trans. Amer. Math. Soc. 149 (1970))

Let C be a nonempty, closed convex subset of a Banach space E and A
a monotone, hemicontinuous operator of C' into E*. Let T C E x E* be
an operator defined as follows:

Av + Ne(v), v e C,

o= 0, v é C.

Then T is maximal monotone and T=10 = VI(C, A).
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Some properties

Let F be a Banach space with the dual space E* and let C be a
nonempty closed subset of E such that JC' is closed and convex. Then
we denote by Njc(z*) the normal cone for JC at a point 2* € JC,
that is,

Njc(z*)={z € E: (z,z" —y*) >0 forall y* € JC}

Theorem (3.5)

Let C' be a nonempty, closed subset of a smooth Banach space E such
that JC' is closed and convex and let A be a monotone, hemicontinuous
operator of JC into E. Let B C E* x E be an operator defined as
follows:

Av* + Njo(v*), v* € JC,

0, v* ¢ JC.

Then B is maximal monotone and (BJ)~'0 = VI(JC, A).

Bv* =
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Some properties

Corollary (3.6)

Let E be a reflexive, strictly convex and smooth Banach space with a
Fréchet differentiable norm and let C' be a nonempty closed subset of
such that JC is closed and convex and let A be a monotone,
hemicontinuous operator of JC' into E such that VI(JC, A) # (. Then
VI(JC,A) is closed and JVI(JC, A) is closed and convex.
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Weak convergence theorem

FE : a real Banach space with the dual space E*

A:D(A) C E:— E* : an operator.

(1) A is said to be inverse-strongly-monotone if there exists a positive
real number « such that
(x —y, Az — Ay,) > a||Az — Ay||* for all z,y € D(A). In such a
case A is said to be a-inverse-strongly-monotone.

(2) A is said to be Lipscitz continuous if there exists L > 0 such that
Az — Ay|| < L||lz — yl|, for all z,y € D(A).

If A is a-inverse-strongly-monotone, then A is Lipscitz continuous, that
is, | Az — Ay|| < (3)llz — yll, for all z,y € D(A).
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Theorem (liduka and Takahashi, J. Math. Anal. Appl. 339(2008))

E : a 2-uniformly convex and uniformly smooth Banach space whose
duality mapping J is weakly sequentially continuous.

C : a nonempty closed convex subset of E

A:C — E* : a-inverse-strongly-monotone with VI(C, A) # () and
|Ay|| < [|[Ay — Aul| for all y € C and v € VI(C, A).

{zp}: 21 =2 € C and

Tpy1 = Mo H(Jzn — Mndzy,), n=1,2 ..,

where Il¢ is the generalized projection from E onto C, {\,} C [a,b] for
some a,b with0 < a < b < “27@ where c is the 2-uniformly convex
constant of E.

Then the sequence {x,,} converges weakly to an element v in VI(C, A).
Further v = lim,, .o Hy (¢, 4)(2n)-
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E : a real Banach space with the dual space E*

A:D(A) C E* :— E : an operator.

(1) A is said to be inverse-strongly-monotone if there exists a positive
real number « such that
(Az* — Ay*,z* — y*) > o|Az* — Ay*||? for all z*,y* € D(A). In
such a case A is said to be a-inverse-strongly-monotone.

(2) A is said to be Lipscitz continuous if there exists L > 0 such that
[|[Az* — Ay*|| < L||lz* — y*||, for all z*,y* € D(A).

If A is a-inverse-strongly-monotone, then A is Lipscitz continuous, that
is, ||Az* — Ay*|| < (2)]|z* — y*||, for all 2*,y* € D(A).

1
o
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Before proving our theorem we need the following Lemma.

Lemma (4.1)

Let C be a nonempty closed subset of a uniformly convex and smooth
Banach space E such that JC is closed and convex. Let {x,} be a
sequence in E such that, for all u € C,

¢(xn+1au) < ¢(xnau) (41)

for every n = 1,2, .... Then {Rc(x,)} is a Cauchy sequence, where R¢
is sunny generalized nonexpansive retraction of E onto C'.
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Now, we can prove the following weak convergence theorem.

Theorem (4.2)

Let E be a uniformly convex and 2-uniformly smooth Banach space
whose duality mapping J is weakly sequentially continuous. Let C' be a
nonempty closed subset of E such that JC' is closed and convex and let
A be an a-inverse-strongly-monotone operator of JC' into E such that
VI(JC,A) # 0 and ||[AJy|| < ||AJy — AJul|| for all y € C' and

u € VI(JC,A). Let {z,} be a sequence defined by x1 = x € C and

Tn+1 = RC(mn - )\nAJmn)7 (42)

for every n = 1,2, ..., where R¢ is sunny generalized nonexpansive
retraction of E onto C, {\,} C [a,b] for some a,b with0 <a <b< %,
where ¢ is a constant in (1.2). Then the sequence {x,,} converges weakly
to some element z € VI(JC, A). Further z = lim,, oo Ry 1(jc,a)(2n).
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Definition

E : a real Banach space with the dual space E*

f : a continuously Fréchet differentiable, convex function on E*
z € FE and 2* € E*

x* is the gradient of f if (a*,y —x) < f(y) — f(z) forall y € E
and we denote by z* = V f(x)

Lemma (5.1) (J.B. Baillon and G. Haddad, Israel J. Math. 115(1977))

Let E be a Banach space, f a continuously Fréchet differentiable, convex
function on E* and V f the gradient of f. If Vf is 1/a-Lipschitz
continuous, then V f is a-inverse-strongly-monotone.
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Theorem (5.2)

Let E be a uniformly convex and 2—uniformly smooth Banach space
whose duality mapping J is weakly sequentially continuous. Let A be an
a-inverse-strongly-monotone of E* into E with A=10 # (). Let

21 =x € F and {x,} is given by

Tntl = Tp — )\nAJmn,

for every n = 1,2, ..., where {\,} C [a,b] for some a,b with

0 <a<b< %, wherecis a constant in (1.11). Then the sequence {x,}
converges weakly to some element z in (AJ)~10. Further

z = limp 00 R(agy-10(Tn)-
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From Lemma 5.1 and Theorem 5.2 we get the following corollary.

Corollary (5.3)

Let E be a uniformly convex and 2—uniformly smooth Banach space
whose duality mapping J is weakly sequentially continuous. Assume that
f is a function on E* that satis?es the following conditions:

(1) f is a continuously Fréchet differentiable, convex function on E*,
V[ is 1/a-Lipschitz continuous

(2) (V)70 ={z* € E*: f(2*) = ming-cp~ f(y*)} # 0.

Let {x,} be a sequence generated by v1 = x € E and

Tpg1 = Tp — M (V) Ty,

for every n = 1,2, ..., where {\,,} C [a,b] for some a,b with
0 <a<b< 2, wherecisa constant in (1.11). Then the sequence {x,}
converges weakly to some element z in ((V f)J)~10. Further

z = hmn_)oo R((v)f(])flo(xn).
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