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uction

The purpose of this paper is to study the stabilization problem of
[inear non-autonomous control systems with norm bounded controls

p(t) = A(t)x(t) + B(t)u(t), t =0,
lu(t)|| <r, Vt>0.



ous System

For autonomous systems, where the constant matrix A satisfies

some appropriate spectral properties, the paper [12, M. Slemrod| pro-
posed the nonsmooth feedback control of the torm

(BTat) . T
alt) =4 s i (BT 2 v
Ba(t), if BTt <




The paper [2, H. Bounit and H. Hammouri| extended to the smooth

feedback control
Bl x(t)

ult) = —r
R )
and showed that this feedback control stabilizes the autonoumous sys-
tem under some appropriate assumptions on the contraction semi-

oroup. It is worth noting that the approach in these works can ﬂﬂt
be readily applied to the non-autonomous systems. '




mous System

The main difficulty 1s that the mvestigation of the spectrum of the
time-varying matrix/operator input A({) or its evolution matrix/operator
15 still complicated and there are no appropriate properties available
as I the autonoumous case.




jective

o find normed bounded control
u(t) forlinear Nonautonomous



2 Notations and preliminaries

The following notations and definitions are used throughout this pa-
per.

R7 is the set of all non-negative real numbers:

R" is the Euclidean n fimte-dimensional space, with the vector norm
|.| and the scalar product (z,y) of two vectors , .

R™ "™ 15 the set of all (n X m)— matrices;




Al is the transpose of the matrix A, matrix A is symmetric if A= A%

I 1s the identity matrix:

A(A) is the set of all eigenvalues of A:
Amax(A) = max{ReA : A € A(A)}, Ayin(A) = min{Red : A € A\(4)};
n(A) is the matrix measure of the matrix A defined by

|
n(A) = thﬂ(ﬂ +4%);




| A|| is the spectral norm of the matrix defined by

Il = / Amas( AT A);
The matrix fuention A(t) € R**" is bounded on R if

AM > 0:  sup ||A(f)]| < M;
teRT

Ly([t, s], R™) is the set of all measurable Ly —integrable and R™ —valued
functions on [t, s];




Matrix @) € R"™" 1s positive semidefinite () > 0) if (Qz, ) > 0, for
all & € R If (Q, ) > 0 for all 2 # {0}, then ) 1s positive definite
Q> 0).

B

M{(0,00), R?) is the set of all symmetric positive semidefinite matrix
functions, which are continuous and bounded on |0, %)




Consider the system described by

T = f[i“.,t} [11)

Definition 1.1 If f(c,f) = 0 for all #, where ¢ is some constant vector,
then it follows at once from (1.1) that if z(f5) = ¢ then z(t) = ¢ for all

t > tp. Thus solutions starting at ¢ remain there, and ¢ is said to be an

equilibrium or critical point.




Definition 1.3 An equilibrium state x = 0 is said to be
1. Stab

o such t

hat |

e if for any positive scalar ¢ there exists a positive scalar

z(ty)||e < 0 implies ||z(t)|. < <, t > t;, where ||| is a

standard

Eue

edian norm.

2. Asymptotically stable if it is stable and if in addition z(f) — 0

as t — 40,




Initions

Consider linear non-autonomous control system

o(t) = A(t)x(t) + B(t)u(t), teR", (1)

where (t) € R*,u(t) € R™ A(t) € RV, B(t) € R*" and the con-
trol u(t) € Lo([0, N], R™), N > 0 satisfies the following bounded con-
dition

lu(t)|| <r, VteR™ (2)




Definition 2.1. The system (1) is globally stabilizable if there is a
feedback control u(t) = k(x(t)) satisfying the constraint (2) such that

the resulting closed-loop system of (1):
b(t) = A(t)z(t) + B(t)k(x(t), teR",

is globally asymptotically stable in the Lyapunov sense.




Definition 2.2. We recall from [6] that linear system (1) is globally
controllable (GC) in finite time if there is a number N > 0 such that
for every g € R", there is a control u(t) € Ly(|0, N], R™) satisfying

N
U(N,0)x + /‘; U(N,s)B(s)u(s)ds = 0,

where U(t, s) denotes the transition matrix of the linear time-varying

system &(t) = A(t)x(t) defined by

— A()U(L,s), t,s>0, Utt) =1




—ary Results

Associated with the non-autonomous control system (1) we consider
the following Riccati differential equation (RDE):

e
P(t) + AT(t)P(t) + P(t)A(t) + P(t)B(t) BT (t)P(t) + Q(t) = 0, (3)

A
where P(t),Q(t) € R,




Proposition 2.1. [5, M.Ikeda et al| If the system (1) is UGC in finite
time, then the following assertions hold.

(i) There is a number c5 > 0 such that

tg
f UT (s, 8)U (s b )ds < cslty — t)], Vi > &, 3 0,
ty

(ii) The RDE (3), where Q(t) = I, has a solution P(t) € M([0,c0), R".).

which is a bounded from above and below function. Moreover, we have
1
IP()]] <[ +nes(1+ 222, wee RY,
1 1

where the positive numbers cy, co are defined by Definition 2.5




Proposition 2.2. If the control system (1) is UGC in finite time,

then the RDE (3), where () = I, has a solution P(t) € M([0,00), R?)
satisfying

1
PO <[ nes(1 477

n, VteRT




Proposition 2.3. Let B(t), P(t) be bounded matriz functions. Then
the following functions defined by

BB
ft.o) = B wpoa < F

L BOBTOPO+Ie o
) = BT P S
are global Lipschitz on R".




Proposition 2.4. For any symmetric matriz A(t) € R™", there erist
a symmetric Q(t) > 0 such that Q(t) — A(t) > 0,t € R™.




Proposition 2.5. [8] For any real matrices A, B :
(i) Amin(AB) = Auin( BA).

Proposition 2.5. [4] (Lyapunov stability theorem) Consider the functional
differential equation & = f(t, ), x(t) = ¢(t),t € [—h,0]. If there is a function
V(t,x;) and positive numbers \;,i = 1,2,3 such that for all the solution x(t)
the following conditions hold.

(i) M) < V(£ 20) < Xoflze]®, t€ RT,
(ii) V(x(t)) < =Asll=(®)]]",
then the zero solution is asymptotically stable.




Proposition 2.6.  (Lyapunov stability theorem) Consider the functional
differential equation & = f(t,x;), x(t) = o(t),t € [=h,0]. If there is a function
V(t,z;) and positive numbers \;,i = 1,2,3 such that for all the solution x(t)
the following conditions hold.

(i) Mlla(®)* < V(t ) < Nalloel”, € BT,

(i) V(a(t)) < =Aglla()]I",
then the zero solution is asymptotically stable.




ty Conditions

Consider linear non-autonomous control system (1), where the matrix
function B(t) is bounded on R™. Denote

o=~ B=n(1+22
] C1
1
7= b= sup |B(t)]
te it

where ¢, ¢y, ¢5 are defined by Proposition 2.1.




In the sequel, we need the following assumptions.
A.1. Linear control system (1) is UGC in finite time
A2, ~>4af
Let 5 > 0 be any solution of the inequation
Fn’+ (208 — )+ a” <0, (4)
and consider the following RDE:
P(t) + AT (H)P(t) + P(t)A(t) — P(t)B(t)B' (t)P(t) + 9] =0. (5)




Theorem 3.1. Suppose that assumptions A.1, A.2 hold. Then the
linear control system (1) 1s globally stabilizable and the stabilizing con-
trol 1s

B P(t)alt)
"0 = T BT OPw] ®

where P(t) is the solution of the RDE (5).




Proof. Assume that linear control system (1) is UGC in some finite
time 7" > 0. By the Assumption A.2, the inequation (4) has a solution
n > 0. Consider RDE (5) and by Proposition 2.2, this Riccati equation
has a solution P(t) € M([0,00), R) such that

p=sup |IP()] <[+ 3] )

te B+




Let us consider the bounded feedback control (6). By Proposition 2.3,

the function
B(t)BL(t)P(t)x

) = = BT P ()l
is alobal Lipschitz and hence the closed-loop system
H(t) = A()e(t) + f(a(t)), (0) = 0, 8)
is well defined. Consider the Lyapunov function
V(t ) = (P(t), x).




It is verified that the function V(¢ x) is positive definite due to the
uniformly boundedness from below of P(t) (Proposition 2.1). Fur-
thermore, taking the derivative of V(.) along the solution x(t) of the

system (8), we have

V(t,x)) (Px,z) + 2(Pi,x)

= —nl«(t)|*+ (PBB' P, x)

2r T
T BTPI (PBB" Pz, x)

—nl|«|[* + (PBB" P, ), (9)

<




because of
2r

1B PO L WEOB (Pt 2 0

Therefore, from (9) it follows that
Vit a(t) < =(n-p%)alt),

and the derivative of V{.) is negative if

n>ph, (10)



Using the condition (7), we have

P < (a+ ),

and by the chosen number 7 from the condition (6), we can verify that

such that the condition (10) holds. This completes the proof of the
theorem. ]




Example 3.1. Consider linear control system (1) in R?, where r = 1,

and
sin2t 0 L oot
am = (M9 1) Bo= (w0,

500

We can find that the transition matrix is given by

cos? s—eoa? t
e ()
Ult,s) = ( 0 E—[t—s]) :




If we take NV = 1, the system 1s UGC with

o,
2500000 27 250000°

Therefore, we can verify the condition A.2 with

y = % = 125000 > a3 = 8e2(e? + 1)(1 + 2¢)2,

and 1t 1s verified that the number n = m is the solution of (4). Ap-

plying Theorem 3.1, the system is stabilizable by the bounded control
lu(®)]] < 1.

c5 = 250000(e? + 1).

1 =




Remark 3.1. It should be noted that the global uniform controllabil-
ity of the system [A(t), B(t)] guarantees the existence of the bounded
solution of RDE (5) and therefore, we can verify the global stabiliz-
ability without solving any RDE. However, to construct the stabilizing
teedback control, we need to solve RDE (5). Various efficient methods
can be used to find the solution of Riccati differential equations |1,
4, 15]. For details, see 7], where two Schur techniques are proposed
for finding the solution of both algebraic and differential Riccati equa-
tions.



The following theorem gives a sufficient condition for the stabiliz-
ability without solving any RDE. Consider the linear control system

(1), where B(t) € R™" is a bounded function. For any a(t) : R™ —
R*, we consider the following Lyapunov equation (LE)

P(t) + AT(t)P(t) + P(t)A(t) - B(t)B(1) + Q(t) + a(t)] = 0. (11)




Theorem 3.2. Assume that the LE (11), where
a(t) > 2n(A(t)) (12)
Qt) - B(t)B' (1) >0, teR", (13)
has a solution P(t) € M([0,0), R"). Then the control system (1) is
globally stabilizable by the feedback control

B[P + D)
") = T IBT PO + 0 14




Proof. Similar to Theorem 3.1, except that We need to use Proposition
2.5 (1)-(11) to estimate some terms:

(P(t)B(t)B" (t)(t), «(t))
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Remark 3.2. Theorem 3.2 gives sufficient conditions for the global

stabilizability of linear non-autonomous system (1) in terms of the
solution of Lyapunov equations. Since this equation s lnear so it 1s

easy to find its solution. The conditions do not mvolve any stability

property of the system matrix A(t).




Remark 3.3. Note that from the proof of the Theorem 3.2 we can
replace the LE (11) by the following LE

P(t) + AT (t)P(t) + P()A(t) = BOB (1) +Q(t) =0, (15)

where ()(t) > 0 is any symmetric matrix chosen, by Proposition 2.4,
satistying the condition

Q(t) > A(t) + AL (t) + B(t)B'(t). (16)




Example 3.2. Consider the linear control system (1), where ||u(t)| <

r =1, and
0 e et 0
an=(_1 ) Bo=( %),

Note that A(f) is not asymptotically stable since the solution x(t) =
(r1(t), z9(t)) of the linear system &(t) = A(t)x(t) :

r9(t) = Cycose™ — Csine™,

{.rl(t) = (' cose "+ Cysine™,

does not goes to 0 as t — <.




On the other hand, taking

e 2t L et ()
Q(t) T ( D E—Et _|_ E—i-‘)

we can verify the condition (16):

Q) - [0+ 4T0) - BOBT0) = () ey L) >0




The solution P(t) > 0 of LE (15) is determined by

Therefore, by Theorem 3.2 the system is globally stabilizable by the
stabilizing feedback control:

2 (t
Hl(t) 1_|_\/ —EE 2 llij_gi g(t}'.l

t
U'E(t) 1-|-\/ 2,3 2{]—% ﬂ(t}




rol problem

Consider the following uncertain LTV system with time varying delay

i(t) = At)a(t) + Aut)a(t = h(t) + B(t)u(t) + Bit)u(t), te€ R121)
2(t) = C(t)e(t) + D(t)ut),
‘E(t) — (ﬁ),tE [_h:'o]:'
where & € R" 1s the state; u € R™ 1s the control; w € R” is the uncertain
input, z € R is the observation output; A(t), A(t), B(t), Bi(t),C(t), D(t)
are given matrix functions continuous and bounded on R*. The time-delay
function h(t) € C[—h, 0] satisfies the condition:

<h(t)<h, hit)<d<l, WeR"



Definition 2.1. Linear control system (2.1) , where w(t) = 0, 1s exponen-
tially stabilizable if there exist a feedback control u(t) = K(t)x(t), such that

the zero solution of the closed-loop delay system
i(t) = [A(t) + BO)K()}e(t) + Au(t)(t = h(D), (2.2)
is exponentially stable in the Lyapunov sense, 1.e.

AN > 0,0 >0 la(t,xg)|| € Naolle™, ¥t >0.




Definition 2.2. Given ~v > 0. The H. optimal control problem for the

system (2.1) has a solution if there is a feedback control u(t) = K (t)x(t) such
that

(1) the system (2.1), where w(t) = 0, is exponentially stabilizable,
(11) there is a number ¢y > 0 such that
sup fﬂ | (2)||°dt
ool + o e @Pd =

where the supremum is taken over all initial states xp and non-zero ad-
missible uncertainties w(t). In this case we say that the feedback control
u(t) = K(t)x(t) exponentially stabilizes the system (2.1).

(2.3)



Given > 0,y = ﬁ, we set

A = A(D) + %Bl(t)BT )+ u A (OAT(1) = BHBT(1)

B.(1) = [BOST(0) - ~B()BT0) - w041 )




Theorem 3.1, Assume that B(t)B'(t) — 2Bi(t)B} (t) — pAi(t)A] () >
0, t > 0, and linear control system |A.(t), B,(t)] is globally null-controllable
in finite time. Then the H., optimal control problem for the system (2.1) has
a solution. The stabilizing feedback control is defined by

u(t) = =B (1)[P(t) + [«(t), t€ R,
where P(t) is a solution of matrix Riccati equation

P+A'P+PA - PBBIP+(Q =0




Example 3.1.
Consider system (2.1), where h(t) = 0.25sin*t, and

A= | 0= |3 o] BB - |
e[ ) 0
u(t) = —BT(O[P(t) + Ia()
= —[2 0]ux(¢)

= —2:{:1 (t)




5. I—L Control problem with normed bounded control

Consider the following uncertain LTV system with time varying delay

i(t) = A(t)e(t) + Ay(t)a(t = h(t)) + B(t)u(t) + Bi(t)w(t), te R12.1)
z(t) = C(t)(t) + D(t)ult),
r(t) = o(t),t € [=h,0],

Further Investigations:
1. Consider the problem with normed bounded

control. e

2. Remove restriction ,’1(12) <0<,
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