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Abstract

In this paper, we prove some strong convergence theorems for fixed
points of modified Ishikawa and Halpern iterative processes for a
countable family of hemi-relatively nonexpansive mappings in a
uniformly convex and uniformly smooth Banach space by using the
hybrid projection methods. Moreover, we also apply our results to
a class of relatively nonexpansive mappings, and hence, we
immediately obtain the results announced by Qin and Su's result
(2007), Nilsrakoo and Saejung's result (2008), Su et al.’s result
(2008) and some known corresponding results in the literatures.
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Introduction

Introduction

» Let E be a real Banach space, C be a nonempty closed
convex subset of E, and T : C — C be a mapping. Recall
that T is nonexpansive if

| Tx — Ty| < |Ix — yll forall x,y € C.

We denote by F(T) the set of fixed points of T, that is
F(T)={xe C:x= Tx}.
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Introduction

» Let E be a real Banach space, C be a nonempty closed
convex subset of E, and T : C — C be a mapping. Recall
that T is nonexpansive if

| Tx — Ty| < |Ix — yll forall x,y € C.

We denote by F(T) the set of fixed points of T, that is
F(T)={xe C:x= Tx}.

» A mapping T is said to be quasi-nonexpansive if F(T) # ()
and

|Tx —y| < |Ix—y| foral xe C and y e F(T).
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Introduction

Introduction

» The Mann’s iterative algorithm was introduced by Mann [10]
in 1953. This iteration process is now known as Mann's
iteration process, which is defined as

Xn+1 = apXn + (1 — ap) Txn, n >0, (1.1)

where the initial guess xg is taken in C arbitrarily and the
sequence {a,}° is in the interval [0, 1].
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Introduction

» The Mann's iterative algorithm was introduced by Mann [10]
in 1953. This iteration process is now known as Mann's
iteration process, which is defined as

Xn+1 = apXn + (1 — ap) Txn, n >0, (1.1)

where the initial guess xg is taken in C arbitrarily and the
sequence {a,}° is in the interval [0, 1].

» In 1967, Halpern [6] first introduced the following iteration
scheme:

{ x=x€C chosen arbitrarily, (1.2)

Xpt1 = apt + (1 — ap) Tx,.
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Introduction

Introduction

» In 1974, Ishikawa [7] introduced a new iteration scheme,
which is defined recursively by

{ Yn = ann + (1 - ﬁn)TXm (13)

Xnt1 = apXn + (1 — ap) Tyn,

where the initial guess xg is taken in C arbitrarily and the
sequences {a,} and {3,} are in the interval [0, 1].

7/40



Introduction

Introduction

Zhang and Su [20] introduced the following implicit hybrid method
for a finite family of nonexpansive mappings { T;}%; in a real
Hilbert space:

([ xg € C s arbitrary,
Yn = QpXp + (]- - an)Tnzna
Zp = Bnyn + (1 - Bn)TnYm (1 4)
Ch={z€ C:|lyn—z| < llxn— 2|1},
Qn={z€ C:{xy—2z,x0 — x) > 0},

Xn+1 — PCann(Xo), n— 0,1,2,...,
where T, = T, mod N, {@n} and {3,} are sequences in [0,1] and
{an} C [0, a] for some a € [0,1) and {5,} C [b,1] for some

b€ (0,1].
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Introduction

Introduction

In 2008, Nakprasit et al. [13] established weak and strong
convergence theorems for finding common fixed points of a
countable family of nonexpansive mappings in a real Hilbert space.
In the same year, Cho et al. [5] introduced the normal Mann's
iterative process and proved some strong convergence theorems for
a finite family nonexpansive mapping in the framework Banach
spaces.
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Introduction

Introduction

To find a common fixed point of a family of nonexpansive
mappings, Aoyama et al. [2] introduced the following iterative
sequence: Let x; = x € C and

Xn4+l = QpX + (1 - an)TnXm (1'5)

for all n € N, where C is a nonempty closed convex subset of a
Banach space, {«,} is a sequence of [0,1] and {T,} is a sequence
of nonexpansive mappings. Then they proved that, under some
suitable conditions, the sequence {x,} defined by (1.5) converges
strongly to a common fixed point of {T,}.
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Introduction

Introduction

In 2008, by using a (new) hybrid method, Takahashi et al. [19]
proved the following theorem.
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Introduction

Introduction

Theorem 1.1(Takahashi et al. [19]). Let H be a Hilbert space and
let C be a nonempty closed convex subset of H. Let {T,} and T
be families of nonexpansive mappings of C into itself such that
NS, F(T,) := F(7T) # 0 and let xo € H. Suppose that {T,}
satisfies the NST-condition (I) with 7. For ;G = C and

x1 = P, x0, define a sequence {x,} of C as follows:

Yn = QpXp + (1 - Oén)Tan,
Cor1={z€ Co:lyn—2| < [0 —2ll}, (1.6)
Xpn+1 = PCn+1X0, n e N,

where 0 < a < 1 for all n € N and {T,} is said to satisfy the
NST-condition (I) with 7" if for each bounded sequence {z,} C C,
limp——oo ||Zn — Thzal| = 0 implies that lim,—, ||z — Tz4|| =0

forall T € T. Then, {x,} converges strongly to Pe(1)xo.
12 /40



Introduction

Introduction

On the other hand, Matsushita and Takahashi [11] introduced the
following iteration: a sequence {x,} defined by

Xp1 = NedHandxn + (1 — n)JdTxy), n=0,1,2,..., (1.7)

where the initial guess element xo € C is arbitrary, {a,} is a real
sequence in [0,1], T is a relatively nonexpansive mapping and I¢
denotes the generalized projection from E onto a closed convex
subset C of E. Under some suitable conditions, they proved that
the sequence {x,} converges weakly to a fixed point of T.

13/40



Introduction

Introduction

Recently, Kohsaka and Takahashi [9] extended iteration (1.7) to
obtain a weak convergence theorem for common fixed points of a
finite family of relatively nonexpansive mappings { T;}™ , by the
following iteration:

Xnp1 = Ned O wai(nixn+(1—0n)JTixy)), n=0,1,2,...,

i=1
(1.8)
where a,; C [0,1] and w,; C [0,1] with Y7 w,, i = 1, for all
n e N,
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Introduction

Introduction

Moreover, Matsushita and Takahashi [12] proposed the following
modification of iteration (1.7) in a Banach space E:

xp=x € C, chosen arbitrarily,

Yo = I N andxy + (1 — ) ITxy,),

Ch={z€ C:é(z,yn) < d(z,xn)}, (1.9)
Qn={z€ C: (xy—z,Ix — Jxp) > 0},

Xn+1 = MNc,ng, X, n=0,1,2,...,

and proved that the sequence {x,} converges strongly to Mg(7)(x).
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Introduction

Introduction

Qin and Su [17] showed that the the sequence {x,}, which is
generated by a relatively nonexpansive mappings T in a Banach
space E, as following

((x0 € C, chosen arbitrarily,
Yn = J Y andxy + (1 — ap)ITzy),
Zn = J7Y(Budxn + (1 — B,)ITxn),
Ch={ve C:9(v,yn) < anp(v,xn) + (1 — an)p(v, z,)},
Qn={veC: (Ixo— Ixn,xn—v) >0},
\ Xn+1 = I_ICnﬂQnXO)

(1.10)
converges strongly to lg(7)xo.
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Introduction

Introduction

Moreover, they also showed that the the sequence {x,}, which is
generated by

xp € C, chosen arbitrarily,
Yn = J Y andxo + (1 — an)JTxp),
Cﬂ = {V € Gy ¢(V’}/n) < an¢(V7X0) + (1 o oz,,)gb(v,x,,),
Qn={v e C: (Uxo— Ixn,xn — v) >0},
xn+1 = MN¢,nqQ, X0,
(1.11)
converges strongly to l1g(7)xo.
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Introduction

Introduction

In 2008, Nilsrakoo and Saejung [14] used the following Mann's
iterative process:

(xp € C, is arbitrary,

C1=Q1=0C,
Yo = J Y andxn + (1 — apn)IToxn), (1.12)
Cn:{Ve C,,:qS(v,y,,)SqS(v,Xn)}, -

Qn={veC: (Ixg—JIxpx,—v) >0}
L Xnt+1 =lc,ng.x0, n=0,1,2,....

and showed that the sequence {x,} converges strongly to a
common fixed point of a countable family of relatively
nonexpansive mappings.

18/40



Introduction

Introduction

Recently, Su et al. [18] extended the results of Qin and Su [17],
Matsushita and Takahashi [12] to a class of closed hemi-relatively
nonexpansive mapping. Note that, since the hybrid iterative
methods presented by Qin and Su [17] and Matsushita and
Takahashi [12] can not be used for hemi-relatively nonexpansive
mappings. Thus, as we known, Su et al. [18] showed their results
by using the method as a monotone (CQ) hybrid method.
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Introduction

Introduction

In this paper, motivated by Qin and Su [17], Nilsrakoo and
Saejung [14], we consider the modified Ishikawa iterative (1.10)
and Halpern iterative processes (1.11), which is different from
those of (1.10)-(1.12), for countable hemi-relatively nonexpansive
mappings. By using the shrinking projection method, some strong
convergence theorems in a uniformly convex and uniformly smooth
Banach space are provided. Our results extend and improve the
recent results by Nilsrakoo and Saejung’s result [14], Qin and Su
[17], Su et al. [18] and Takahashi et al.’s theorem [19] and many
others.
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Preliminaries

Preliminaries

» Let E be a real Banach space with dual E*. Denote by (-, -)
the inner product. The normalized duality mapping J from E
to E* is defined by

Ix={f € E*: (x,f) = x| = |If|*}, (2.1)

for all x € E. If C is a nonempty closed convex subset of real
Hilbert space H and Pc : H — C is the metric projection,
then P¢ is nonexpansive.
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» Let E be a real Banach space with dual E*. Denote by (-, -)
the inner product. The normalized duality mapping J from E
to E* is defined by

Ix={f € E*: (x,f) = x| = |If|*}, (2.1)

for all x € E. If C is a nonempty closed convex subset of real
Hilbert space H and Pc : H — C is the metric projection,
then P¢ is nonexpansive.

» The function ¢ : E x E — R is defined by

o(x,y) = |Ix[1> = 2(x, Jy) + |ly|? for all x,y € E. (2.2)
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Preliminaries

Preliminaries

» Lemma 2.1 (Kohsaka and Takahashi [9]). Let E be a
uniformly convex and smooth Banach space and let r > 0.
Then there exists continuous, strictly increasing, and convex
function g : [0,2r] — [0, o0) such that g(0) = 0 and

g(llx = yll) < ¢(x,y)
forall x,y e Br={z€ E:|z| < r}.
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Preliminaries

Preliminaries

» Lemma 2.1 (Kohsaka and Takahashi [9]). Let E be a
uniformly convex and smooth Banach space and let r > 0.
Then there exists continuous, strictly increasing, and convex
function g : [0,2r] — [0, o0) such that g(0) = 0 and

g(llx —yll) < o(x,y)

forall x,y e Br={z€ E:|z|]| < r}.

» Let C be a closed convex subset of E, and let T be a
mapping from C into itself. The set of fixed points of T is
denoted by F(T). A mapping T is said to be hemi-relatively
nonexpansive if

o(p, Tx) < &(p, x) forall xe C and pe F(T).
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Preliminaries

Preliminaries

» A point p in C is said to be an asymptotic fixed point of T [4]
if C contains a sequence {x,} which converges weakly to p
such that the strong lim,_ o (x, — Tx,) = 0. The set of
asymptotic fixed points of T will be denoted by F(T).
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» A point p in C is said to be an asymptotic fixed point of T [4]
if C contains a sequence {x,} which converges weakly to p
such that the strong lim,_ o (x, — Tx,) = 0. The set of
asymptotic fixed points of T will be denoted by F(T).

» A hemi-relatively nonexpansive mapping T from C into itself
is called relatively nonexpansive if F(T) = F(T).
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Preliminaries

Preliminaries

» A point p in C is said to be an asymptotic fixed point of T [4]
if C contains a sequence {x,} which converges weakly to p
such that the strong lim,_ o (x, — Tx,) = 0. The set of
asymptotic fixed points of T will be denoted by F(T).

» A hemi-relatively nonexpansive mapping T from C into itself
is called relatively nonexpansive if F(T) = F(T).

» We say that the mapping T is relatively nonexpansive if the
following conditions are satisfied:

(R1) F(T) #0;
(R2) ¢(p, Tx) < ¢(p,x) foreach xe€ C,pe F(T);
(R3) F(T) = F(T).
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Preliminaries

Preliminaries

» Lemma 2.2 (Kamimura and Takahashi [8]). Let E be a
uniformly convex and smooth real Banach space and let
{xn},{yn} be two sequences of E. If ¢(xpn,yn) — 0 and either
{xn} or {yn} is bounded, then ||x, — ya| — O.
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» Lemma 2.2 (Kamimura and Takahashi [8]). Let E be a
uniformly convex and smooth real Banach space and let
{xn},{yn} be two sequences of E. If ¢(xpn,yn) — 0 and either
{xn} or {yn} is bounded, then ||x, — ya| — O.

» Lemma 2.3 (Alber [1]). Let C be a nonempty closed convex
subset of a smooth real Banach space E and x € E. Then,
xp = MNex if and only if

(x0 — y,Ix — Ixo) >0, Vy € C. (2.3)

24 /40



Preliminaries

Preliminaries

» Lemma 2.2 (Kamimura and Takahashi [8]). Let E be a
uniformly convex and smooth real Banach space and let
{xn},{yn} be two sequences of E. If ¢(xpn,yn) — 0 and either
{xn} or {yn} is bounded, then ||x, — ya| — O.

» Lemma 2.3 (Alber [1]). Let C be a nonempty closed convex
subset of a smooth real Banach space E and x € E. Then,
xp = MNex if and only if

(x0 — y,Ix — Ixo) >0, Vy € C. (2.3)

» Lemma 2.4 (Alber [1]). Let E be a reflexive, strict convex,

and a smooth real Banach space, let C be a nonempty closed
convex subset of E and let x € E. Then

¢y, Mex) +o(Nex, x) < oy, x),  VyeC.  (24)
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Preliminaries

Preliminaries

» Lemma 2.5 (Matsushita and Takahashi [12]). Let E be a
strictly convex and a smooth real Banach space, let C be a
closed convex subset of E, and let T be a hemi-relatively
nonexpansive mapping from C into itself. Then F(T) is closed
and convex.
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Preliminaries

> Let C be a subset of Banach space E and let {T,} be a family
of mappings from C into E. For a subset B of C, we say that
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Preliminaries

Preliminaries

> Let C be a subset of Banach space E and let {T,} be a family
of mappings from C into E. For a subset B of C, we say that
» (i) ({T,}, B) satisfies condition AKTT if

Zsup{” Thy1z— Thz|| 1z € B} < o0;

n=1
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Preliminaries

> Let C be a subset of Banach space E and let {T,} be a family
of mappings from C into E. For a subset B of C, we say that

» (i) ({T,}, B) satisfies condition AKTT if

Zsup{” Thy1z— Thz|| 1z € B} < o0;

n=1

> (i) ({Tn}, B) satisfies condition *AKTT if

o

Zsup{HJTn_Hz — JThz|| : z € B} < o0;

n=1
Aoyama et al. [2] prove the following result which is very
useful for our main result.
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Preliminaries

Preliminaries

» Lemma 2.6 (Aoyama et al. [2]). Let C be a nonempty
subset of Banach space E and let {T,} be a sequence of
mappings from C into E. Let B be a subset of C with
({Th}, B) satisfies condition AKTT, then there exists a
mapping T : B — E such that

Tx= lim T,x forall xe B

n——--mo

and limsup, . {||Tz— Tnz||:z€ B} =0.
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Preliminaries

Preliminaries

» Lemma 2.7 (Nilsrakoo and Saejung [14]). Let E be a
reflexive and strictly convex Banach space whose norm is
Fréchet differentiable, let C be a nonempty subset of Banach
space E and let {T,} be a sequence of mappings from C into
E. Let B be a subset of C with ({T,}, B) satisfies condition
*AKTT, then there exists a mapping T : B — E such that

Tx= lim Tox forall xe B

n—--~o0

and limsup,__ {|JTz— JT,z|: ze B} =0.
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Preliminaries

Preliminaries

» Lemma 2.8 (Nilsrakoo and Saejung [14]). Let E be a
reflexive and strictly convex Banach space whose norm is
Fréchet differentiable, let C be a nonempty subset of Banach
space E and let {T,} be a sequence of mappings from C into
E. Suppose that for each bounded subset B of C, the ordered
pair ({ T,}, B) satisfies condition AKTT or condition *AKTT.
Then there exists a mapping T : B — E such that

Tx = lim T,x forall xe C

n——-m:m0
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Main results

Main results

In this section, we establish the strong convergence theorems for
finding common fixed points of a countable family of
hemi-relatively nonexpansive mappings in a uniformly convex and
uniformly smooth Banach space. It is worth mentioning that our
main theorem generalizes recent theorems by Su et al. [18] from
relatively nonexpansive mappings to a more general concept.
Moreover, our results also improve and extend the corresponding
results of Nilsrakoo and Saejung [14]. In order to prove the main
result, we recall a concept as following: an operator T in a Banach
space is closed if x, — x and Tx, — y, then Tx = y.
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Main results

Main results

Theorem 3.1 Let E be a uniformly convex and uniformly smooth
Banach space, and let C be a nonempty bounded closed convex
subset of E. Let {T,} be a sequence of hemi-relatively
nonexpansive mappings from C into itself such that (22, F(T,) is
nonempty. Assume that {a,}7°, and {3,}72, are sequences in
[0,1] such that limsup,,__, an, <1and lim,_o 3, =1, and let a
sequence {x,} in C by the following algorithm:

xp € C, chosen arbitrarity and Cy= C,
Yn = J Y andxy + (1 — ap)IThzn),
Zn = J7H(BpIxn + (1 — Bn)IToxn), (3.1)
Cor1={v € Cy: d(v,yn) < d(v,xn)},
Xn+1 = I_IC,,+1X07
for n € NU {0},
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Main results

Main results

where J is the single-valued duality mapping on E. Suppose that
for each bounded subset B of C, the ordered pair ({T,}, B)
satisfies either condition AKTT or condition *AKTT. Let T be the
mapping from C into itself defined by Tv = lim,__,, T,v for all

v € C and suppose that T is closed and F(T) = ;2o F(T»). If
T, is uniformly continuous for all n € N, then {x,} converges

strongly to [g(1)x0, where g7y is the generalized projection
from C onto F(T).
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Halpern iterative scheme

Halpern iterative scheme

In this section, we prove the strong convergence theorems for
finding common fixed points of a countable family of
hemi-relatively nonexpansive mappings, which can be viewed as a
generalization of the recently result of [17, Theorem 2.2].
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Halpern iterative scheme

Halpern iterative scheme

Theorem 4.1 Let E be a uniformly convex and uniformly smooth
Banach space, and let C be a nonempty bounded closed convex
subset of E. Let {T,} be a sequence of hemi-relatively
nonexpansive mappings from C into itself such that (2, F(T,) is
nonempty. Assume that {a,}7°, is a sequence in (0,1) such that
lim,—oocxy, = 0 and let a sequence {x,} in C be defined by the
following algorithm:

xp € C, chosen arbitrarity and Cp = C,
Yo = J Y andxo + (1 — an)JIThxa),
Coy1={v € Gy : &(v,yn) < and(v,x0) + (1 — an)d(v, xn)},
Xp+1 = lN¢,,, X0,
(4.1)
for n € NU {0},
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Halpern iterative scheme

Halpern iterative scheme

where J is the single-valued duality mapping on E. Suppose that
for each bounded subset B of C, the ordered pair ({T,}, B)
satisfies either condition AKTT or condition *AKTT. Let T be the
mapping from C into itself defined by Tv = lim,__,, T,v for all

v € C and suppose that T is closed and F(T) = (2o F(Tn).
Then {x,} converges strongly to g (71)xo.
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Some Applications to Hilbert spaces

Some Applications to Hilbert spaces

It is well known that, in the Hilbert space setting, the concepts of
hemi-relatively nonexpansive mappings and quasi-nonexpansive
mappings are the equivalent. Thus, the following results can be
obtained.
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Some Applications to Hilbert spaces

Some Applications to Hilbert spaces

Theorem 5.1 Let H be a Hilbert space, and let C be a nonempty
bounded closed convex subset of H. Let {T,} be a sequence of
quasi-nonexpansive mappings from C into itself such that
Moo F(Th) is nonempty. Assume that {a,}52 and {3,}52 are
sequences in [0,1] such that limsup,__,  a, <1 and
lim,—oofn =1, and let a sequence {x,} in C be defined by the
following algorithm:
xp € C, chosen arbitrarity and Cy= C,
Yn = QpXp + (1 - an) 7—nzna
zp = Bnxn + (1 — Bn) Taxn, (5.1)
Corr={ve G:lyn—vll < lxn—vll},
Xnt+1 = Pc, %0,
for n € NU {0}.
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Some Applications to Hilbert spaces

Some Applications to Hilbert spaces

Suppose that for each bounded subset B of C, the ordered pair
({Th}, B) satisfies condition AKTT. Let T be the mapping from C
into itself defined by Tv = lim,,__, T,v for all v € C and suppose
that T is closed and F(T) = (2o F(Ts). If T, is uniformly
continuous for all n € N, then {x,,} converges strongly to Pr(7)Xo.
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