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Abstract.

In this article, we study the elementary solution of the farfi
which is iterated:-times and is defined by

®’f—{(B LB, e B = (B, o B )?’r
B Z1 L2 ZLp Tp41 ZLp+q )

wherep + ¢ = n is the dimension oR ', B, = 88—; + 21,"’ 6%,

0, =20; +1,0; > —3,2;, > 0,1 = 1,2,...,nar;dkisa
positive integer. At first, we study the elementary solutbbthe
operator®%, and after that, we apply such an elementary solt
to solve for the solution of the equatiot,u(x) = f(z), where

f is a generalized function andis an unknown function.
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Introduction.

Kananthai [3] has first introduced the Diamond operator axl
proved that the convolution solution

u(x) = (—1)*Sar(z) * Rox(x) is an unique elementary solutior
of the equatior)"u(x) = ¢, whered>” is the Diamond operator
iteratedk times and is defined by

— 1k

2
OF = ~ 0 2 _ - 8_2 (1)
C— Ox? | Ox? ’

= v j=p+1 J

wherep + ¢ = n Is the dimension of the spa@®& andk is a
nonnegative integer. Actually the Diamond operator can be
expressed as the product of the Laplace operator and the
ultra-hyperbolic operator,
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that is

whereA* is the Laplace operator iteratédimes, defined by

k
k __
= (S5m) “

and” is the ultra-hyperbolic operator iteratédimes with
» + g = n, defined by

k
p 82 p+q 62
k _ — S
- = ( Ox? ox? | )

i=1 j=p+1
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Furthermore, Yildirim et al. [9] have introduced the Bessel
diamond operator and have proved that the convolutionisalut
u(z) = (—1)*Sox(z) * Ror(x) is an unique elementary solutior
of the equatior),u(x) = d, whered% is the Bessel operator
iteratedk times withz € R,

k
Q% - {(B:m + By + -+ _|_B=”Ep)2 B (Bmerl L +Bmp+q)2} 7

(4)

9 4 20; O

(9:133 Iq 8:132"
20, =20; + 1,0, > —%,2;,>0,i=1,2,...,nandkis a
positive integer.

p + q = nis the dimension oR ', B, =
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The Bessel diamond operatQiz can be expressed in the form
Op = UpAp = Agllg, whereA g Is the Laplace-Bessel
operator, defined by

AB:Ban_'_Ba:g_'_"'_'_Bwna (5)
andllg Is the Bessel ultra-hyperbolic operator, defined by

g =B, +B;,+++B;,— B — By =2 =B - (6)

Tp+1
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In this research, at first we study the elementary soluticgh®f
operator®%, that is
®pG(z) =4, (7)

whereG(x) is the elementary solution of such equations the
Dirac delta distributionk is nonnegative integer and the opera
®p Is defined by

3

Xp = (Bzm _|_B£E2—|__|_B$p) _(B$p+1_|_”°_|—Bwp+q)3

|

3
— ZQBAB + ZD%- ()

After that, we apply such an elementary solution to solvelier
solution of the equatio®’,G(z) = f(z), wheref(z) is a given
generalized function and(x) is an unknown function.
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Preliminaries

Definition 1. The Fourier-Bessel transformation and its invers
transformation are defined as follows [8]

(FBf)(x) / (H 1 zyz > dy,

(F5' @) = (Fi)(- c(szz ir (v ;))

whereJ, _1(z;y;) is the normalized Bessel function which is t
eigenfunction of the Bessel differential operator. Theee a
following equalities for Fourier-Bessel transformati@j, [

Fgo(z)=1 and Fg(f xg)(x) = Fgf(x) - Fpg(x).
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Lemma 2. There is a following equality for Fourier-Bessel
transformation

9Nl — 1l
FB(\:L‘\_O‘) _ 2n—|—2\v|—2ar (n + ‘U‘ Oé) {F (%)} ‘x‘a—n—2|v\

2
where|v| = vy + vy + - -+ + v,,.

The proof of this Lemma is given in [8].
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Lemma 3. Given the equatiol\¥u(x) = 6(x) for z € R,
whereA% is the Laplace-Bessel operator iteratédimes
defined by5). Thenu(z) = (—1)*Sy(x) is an elementary
solution of the operator\%,, where

2n+2|v|—4kr(n+2\v|—2k)

S (1) = 1 2 QjZk—n—2|v|. 0
Zk( ) H?’:12W_§F(Ui‘|‘%)r(k)‘ ‘ ( )

The proof of this Lemma is given in [9].
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Lemma 4. Given the equationl®%u(x) = §(x) for

rely, ={zeR 2y >0,20>0,--- ,z, >0andV > 0},
where1% is the Bessel-ultra-hyperbolic operator iterated
k-times defined b{6). Thenu(x) = Rox(x) is an elementary
solution of the operatorl%,, where

2k—n—2|v|
forV=af+as5+ - +a—a2,,— - —z  and
W%F(Z—FZIC—Q?%—Z U|)F(ﬂ)r(2k)

K, (2k) =

2
F( 2—|—2k—2p—2|v )F(p—TZk)

The proof of this Lemma is given in [9]. o1l



Lemma 5. Given the equatiod’,u(z) = §(z) for z € R,
where(%, is the diamond Bessel operator iteratedimes
defined by(4). Thenu(x) = (—1)*Sy(2) * Ry () is an
elementary solution of the operatdfr,.

The proof of this Lemma is given in [9].
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Lemma 6. Let k£ andr be nonnegative integer.

(a) Let So(x) and Ss,.(x) be defined by9), then
Sok () * Sor(2) = Sapyar ().

(b) Let Ryi(z) and R, (x) be defined byl10), then
Rop(x) * Ry (1) = Rogyar(T).

The proof of this Lemma is given in [10].
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Lemma 7. The convolutionby,(x) * Rer(x) exists and is a
tempered distribution whergy, () = S (z) * Sor(x) and
Rgi(x) = Rog(x) * Rop(x) * R () such thatSy, () and Rox ()
are defined by9) and (10), respectively.

Proof. SinceSy,(z) * Rox(x) exists and is a tempered
distribution, by Donoghue [1] page 156-159, we obtain
Sue(7) * Re(x) exists and is a tempered distribution. (]
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Lemma 8. Let.S,(x) and Rg(x) be defined by9) and (10) with
k =2 andk = 3, respectively. Then

(@) OpAp (S4(x) * Re(x)) = Ra(2),
Proof. (a) We obtain

OBAp (Sa(x) * Re())

Op ((=1)52(x) * Ra(x)) * Ap ((—1)52(x)) * Ra(x)
d(x) * §(x) * Ry(x)
Ry(x).






Main results

Theorem 9. Given the equation
®pG(z) = d(z), (11)

thenG(x) = Syx(x) * Rep(x) * (C“"f(:z:))>'<_1 Is a Green function
for the operator®?, iteratedk-times wherex 5 is defined by(8),
¢ is the Direc delta distributiony = (1, z2,...,z,) € R, kis
a nonnegative integer and

Clz) = 234(1’) T 254(17)7 vy

C** () denotes the convolution 6f itself k-times, (C**(z))"™
denotes the inverse 6f**(z) in the convolution algebra.

MoreoverC**(z) is a tempered distribution.
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Proof. Since®p = 205Ap + ;00%, by (11) we obtain

Bonts+ 18] [Posns+ o] G = o)
AVETE T B [y YBETE T B |

By Lemma 7 withk = 1, S4(z) * Rg(x) exists and is a temperec
distribution. Convolving both side of the above equation by
Si(z) * Rg(x), we have

EOBAB + 1D%] (54(x) * Re()) * EQBAB + —D%] . G ()

4
= (S4(x) * Re(x)) * 6(x).
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By Lemma 8, we obtain

C(x) + EOBAB + im%]  G(z) = Su(z) * Re(a)

Keeping on convolving both sides of the above equation by
Si(z) * Rg(x) up tok — 1 times, we have

C* (@) * G(z) = (Sa(w) * Ro(2))™ .

where the symbotki denotes the convolution of itsetftimes.
By Tellez [5], we get

CAEGE: R6($))*k = Su(x) * Rgr(x).
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Therefore,
C**(z) * G(x) = Su(7) * Rep(). (13)

SinceS,(x) andR4(x) are lies inS’ whereS’ is a space of
tempered distribution)’(z) € S’. By Donoghue [1, p. 152], we
obtainC**(x) € S’. SinceSy,(x) * Rex(x) € S’, choose

S" C D, whereD’; is the right-side distribution which is a
subspace ob’ of distribution. ThusSy; () * Rex(x) € D', it
follows thatSy, (x) * Rgr(x) is an element of the convolution
algebra.
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By Zemanian [11, p. 150-151] the equation (13) has an uniqgt
solution

G(z) = Su() * Rex(z) * (C*(z))"

where(C*’“(x))*_1 is an inverse of”**(z) in the convolution
algebraG(z) is called the elementary solution of the operatot
®%. SinceSy(x) * Rex(x) and(C*’“(x))*_1 are tempered
distribution, by Donoghue [1, p. 152] we obtain

Sie(x) * Re(x) * (C“"f(:z:))>'<_1 is a tempered distribution. It
follows thatG(x) is a tempered distribution. []
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Theorem 10. Given the equation

Qpu(z) = f(z) (14)

wheref is a given generalized function angx) is an unknown
function, we obtain

IS an unique solution o(14) whereG(x) is an elementary
solution for the operato?,.
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Proof. Convolving both sides of the equation (14) by Green
functionG(z) for operatorg’, in Theorem 9, we obtain

G(z) * ®@pu(z) = G(z) * f(z),

or
R5G(z) * u(z) = G(z) * f(z).
Applying Theorem 9, we have
O(x) *u(x) = G(x) * f(z) = u(x).
SinceG/(x) is an uniqueu(x) is an unique solution of the

equation (14). []
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